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( : )
Hartree
$2i\dot{u}-\Delta u+V(u)u=0$ , (1)
$u(t, x)$ : $\mathbb{R}^{1+n}arrow \mathbb{C}$ ,
$V(u):=\lambda|x|^{-\nu}*|u|^{2}$ , (2)
$\lambda\in \mathbb{R},$ $0<\nu<n$ , $*$ $x\in \mathbb{R}^{n}$
Schr\"odinger , $|u|^{2}$













































$E(u)= \int|\nabla u|^{2}dx+\iint\frac{V(x-y)}{2}|u|^{2}(x)|u|^{2}(y)dxdy$ (3)
,
$\partial_{t}\{||xu-it\nabla u||_{L_{x}^{2}}^{2}+\frac{t^{2}}{2}\langle V(u), |u|^{2}\rangle_{L^{2}}\}$
(4)






$H^{1}$ $2\leq\nu<4$ $\lambda\geq 0$ $H^{1}$
$\lambda<0$
$H^{s}=\{\varphi\in S’(\mathbb{R}^{n})|(1+|x|)^{s}\mathcal{F}\varphi\in L^{2}\},$ $\mathcal{F}$ Fourier






(1) $2\leq\nu<4,$ $\lambda\geq 0$ , $\varphi\in H^{1}$ $tarrow\infty$
$U(-t)u(t)arrow\varphi$ $H^{1}$ , Hartree $u\mathrm{B}^{\grave{\grave{\mathrm{a}}}-}$
[4]
(2) $1<\nu\leq 2,$ $s\geq \mathrm{I}-\nu-/2$ , \mbox{\boldmath $\varphi$}\in FHs. $\mathcal{F}H^{s}$
$u$ [16] ($s=1-\nu/2$
[12] )
(3) $\nu\underline{<}1$ , $u$ $U(-t)u(t)$ $L^{2}$
[11]
$2<\nu<4,$ $\lambda\geq 0$ ,
$H^{1}$
$u$ $U(-t)u(t)$ $tarrow\infty$ $H^{1}$ [5]
$4/3\leq\nu\leq 2,$ $\lambda\geq 0$ , $\mathcal{F}H^{1}$ $u$
$\mathcal{F}H^{1}$ [11] ( $\nu--4/3$ [2, 15] )
$\tau(t):=\{\begin{array}{l}(\mathrm{l}\mathrm{o}\mathrm{g}t)/2t^{\nu-1}/(2(\nu-1))\end{array}$ $(\nu<1)(\nu=1)$ (5)
(1) $n\geq 2,$ $\nu=1,$ $\varphi\in \mathcal{F}H^{2}$ $\mathcal{F}(H^{1/2-}\cap H^{1/2+})$ ,






(2) $n\geq 3,1/2<\nu\leq 1$ , \mbox{\boldmath $\varphi$}\in FHk+2 $k\in \mathrm{N}$
$u$
$\mathcal{F}H^{k}$ [6]
$U(-t)e^{iV(\mathcal{F}\varphi)(x/t)\tau(1/t)}u(t)arrow\varphi$ in $\mathcal{F}H^{k-1}$ as $tarrow\infty$ . (7)
(3) $n\geq 3,0<\nu\leq 1/2$
[7]
(4) $n\geq 2,1/2<\nu\leq 1,$ $k\geq[n/2]+2,$ $u(0)\in \mathcal{F}H^{k}-$
, $u$ $||u(t)-v_{3}(t)||_{L^{2}}arrow 0$ $\varphi\in \mathcal{F}H^{k-2}$
$v_{3}$ (6) [8]
(5) $n\geq 1,1/2<\nu\leq.1,$ $u(0)\in H^{n+2}\cap \mathcal{F}H^{n+2}$ ($n=1$
$e^{-\beta|x|^{2}}L^{2}(\beta>0)$ ), $\varphi\in \mathcal{F}H^{n+2}$
[9]
$\tau$ (5)
1. $n\geq 2,$ $\nu=1,$ $s>1-\nu/2=1/2$ $\varphi\in \mathcal{F}H^{s}$
$u$ $U(-t)u.(t)\in C(\mathbb{R};\mathcal{F}H^{s})$
$tarrow\infty$ ( $\mathcal{F}H^{s}$ (
$\mathcal{F}^{-1}e^{iV(F\varphi)\tau(1/t)}\mathcal{F}U(-t)u(t)arrow\varphi$ . (8)
$W$ : $\varphi|arrow u(0)$ $\mathcal{F}H^{s}$
$tarrow-\infty$









$u\vdasharrow u^{*}=(it)^{-n/2}e^{|x|^{2}/(2it)}\overline{u}(1/t, x/t)$ . (9)
$u$ Hartree $u^{*}$ Hartree
$2i\dot{u}^{*}-\Delta u^{*}+|t|^{\nu-2}V(u^{*})u^{*}=0$ . (10)
$tarrow\pm\infty$ $tarrow\pm \mathrm{O}$ , $u$ $u^{*}$
$\mathcal{F}U(-t)u(t)=(2\pi)^{n/2}\overline{U(-1/t)u^{*}(1/t)}$ . (11)
$\mathcal{F}H^{s}$ $tarrow\pm\infty$ $H^{s}$ $tarrow\pm \mathrm{O}$
, $t>0$












$v_{1},$ $v_{2},$ $v_{3}(6)$ ,
















$\nu\leq 1/2$ $\Delta u$
$\Delta(e^{iV(\varphi)\tau(t)}\varphi)\sim\tau^{2}\sim t^{2(\nu-1)}$ (18)
$\nu\leq 1/2$ ( ) $\Delta$
,
1
(1) $w$ (17), $w(0)=\varphi$
(2) $||w||_{H^{s}}$
(3) $U(-t)V(u^{*})U(t)-V(u^{*}),$ $V(u^{*})-V(\varphi)$ $tarrow 0\text{ ^{}\backslash \backslash }\text{ }$
.






$w_{k},$ $u_{k},$ $V_{k}$ $w_{0}=\varphi,$ $\Phi=V(\varphi)\tau(t)$
$u_{k}=U(t)e^{i\Phi}w_{k}$ , $V_{k}=V(u_{k})$ , (20)




1 , $\log$ $t^{\epsilon}$
$\log$ ,
( 2 ) $\text{ }$ ,
$B^{s}:=\dot{B}_{2,1}^{n/2}\cap\dot{H}^{n/2+s}(s>0)$ ,
Besov . Sobolev [1]
.$\cdot$ $s_{0}+s_{1}+s_{2}>n/2,$ $\min(s_{0}+s_{1}, s_{1}+s_{2}, s_{2}+s_{0})\geq 0$
$|\langle uv, w\rangle_{L^{2}}|\sim<||u||_{H^{\epsilon}\mathrm{o}}||v||_{H^{s}1}||w||_{H^{\epsilon_{2}}}$ . (22)
, $\sigma>0,$ $|s|<n/2+\sigma$
$||Vu||_{H^{\epsilon}}\sim<||V||_{B^{\sigma}}||u||_{H^{\epsilon}}$ . (23)
$U(t)$ .$\cdot$ $\epsilon\in[0,1],$ $s\in \mathbb{R}$
$||(U(t)-1)v||_{H^{\epsilon}}\leq|t|^{\epsilon}||v||_{H^{\epsilon+2\epsilon}}$ . (24)
, $\sigma>0,$ $|s|,$ $|s+2\epsilon|<n/2+\sigma$
$||\{U(-t)VU(t)-V\}v||_{H^{\epsilon}}\sim<|t|^{\epsilon}||V||_{B^{\sigma}}||v||_{H^{\epsilon+2e}}$ . (25)
.$\cdot$ $\sigma>0$
$||e^{i\Phi}$ $1||_{B^{\sigma}}\leq||\Phi||_{B^{\sigma}}^{[1,n/2+\sigma+1]}$ , (26)
$\frac{-}{\frac{-}{\beta}}$ .. $a^{[b,c]}:= \max(a^{b}, a^{c})$
commutator .$\cdot$ $\sigma,$ $s,$ $\beta,$ $\gamma>0,2s<\sigma+\beta+\gamma,$ $2s< \sigma+\min(\beta, \gamma)+n/2$ ,
$2s\leq 1+\beta+\gamma$






$V(u)$ , $\log$ , $V(u)-$
$V(\varphi)$ ,
( $w$ $\nu=1$ )
$\text{ }$ $u$
$A$
$2i\dot{u}$ -\Delta u+Au=0 (28)
, . $x$ $\psi$
$\langle\partial_{t}|u|^{2}, \psi\rangle_{L^{2}}=\Re\langle iu, u\psi\rangle_{\dot{H}^{1}}$ . (29)
commutator
$\text{ }$ , $V(u)$ ,
$||V(u(t_{1}))-V(u(t_{0}))||_{B^{\sigma-1-2\theta}}\leq|t_{1}-t_{0}|^{\theta}||u||_{L^{\infty}(H^{s})}^{2}$ (30)
$\theta\in[0,1],$ $s\geq 1/2$ ,
1 $+2\theta<\sigma<(1-\theta)$ $\mathrm{n}(2s, s+n/2)+\theta$ $\mathrm{n}(2s, s+n/2,2)$ .
$w$ $H^{s}$










$=\langle V(U(t)-1)v, iU(t)v\rangle_{\dot{H}^{s}}-\langle(U(t)-1)v, iVU(t)v\rangle_{H^{s}}$ (32)






$\sigma’,$ $s>0,$ $\epsilon\in[0,1],$ $2\epsilon<s’<n/2+\sigma’$ ,
$2s< \min(\sigma+2s’,\sigma+s’+n/2,2s’+1-2\epsilon)$ . (34)
$s>s’$ derivative loss











$W_{k}:= \sup_{j<k,0<t’<t}||w_{k}(t’)||_{H^{\epsilon}}$ . $D_{k}(t):= \sup_{0<t’<t}||\delta_{k}w(t’)||_{H^{s}}$
Gronwall






$\mathrm{B}^{\grave{\grave{\mathrm{a}}}}$–$\ovalbox{\tt\small REJECT}_{\backslash }$ $H^{s}$ $H^{s}$ $L^{2}$
$\varphi$ $\varphi_{L}$ $\varphi_{H}$ .$\cdot$
$\varphi=\varphi_{L}+\varphi_{H}$ , $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\mathcal{F}\varphi_{L}\subset\{|\xi|\sim<N\},$ $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\mathcal{F}\varphi_{H}\subset\{|\xi|\sim>N\}$ .
$w_{k}$ .$\cdot$ $w_{k}=w_{Lk}+$






















physical space Fourier space (Littlewood-Paley
) , $H^{s}$
, commutator
$S(v, w):=U(t)v \overline{U(t)w}=U(t)\mathcal{F}^{-1}\int v(x+t\xi)\overline{w}(x)e^{-ix\xi}dx$ .
.$\cdot$




$\ovalbox{\tt\small REJECT}=e^{-i\Phi}U(-t)VU(t)e^{i\Phi}-U(-t)VU(t)$ , (39)
$\langle T_{\Phi}w,v\rangle_{L^{2}}=\langle V, S_{0}(v, w)\rangle_{L^{2}}$ . (40)
$\delta\varphi:=\varphi(x+h)-\varphi(x)$
,
$\partial_{t}||\delta w||_{L^{2}}^{2}=t^{\nu-2}\Re\langle i(\delta T)w, \delta w\rangle_{L^{2}}$ , (41)
$T$ ( )




$\partial_{t}\langle|w|^{2}, \psi\rangle_{L^{2}}=t^{\nu-2}\Re\langle V, iS\psi(v, w)/2\rangle_{L^{2}}$
(43)




$S_{\psi}(v, w)=S_{0}(\psi v, w)-S_{0}(v, \psi w)$ . (44)
,
,
$|\Re\langle i(\delta T)w, \delta w\rangle_{L^{2}}|\sim<t^{1-\nu+}|h|^{s+}||\delta w||_{L^{2}}$ ,




$B^{\alpha}:=\dot{B}_{2,1}^{\alpha+n/2}$ . , $w_{k}\sigma$) $H^{s}$ $L^{2}$
, $|h|$
$-7^{\backslash }\backslash ,\ovalbox{\tt\small REJECT}$ $H^{s}$





$0\leq\theta\leq\alpha<1/2,$ $\beta,$ $\gamma<n/2,0<\beta+\gamma<n/2$ ,




\Phi , $\varphi_{I}$ $\varphi$ 2 $|\xi|\sim I$ Littlewood-Paley
$\Psi(x, t\xi):=e^{i\Phi(x+t\xi)-i\Phi(x)}-1$
$S_{0}(v, w)= \sum_{I,J,K,N\cdot dyadic}.\{U(t)\mathcal{F}^{-1}\int\Psi_{I}(x, t\xi)v_{J}(x+t\xi)\overline{w_{K}}(x)e^{-ix\xi}dx\}_{N}$
$I,$ $J,$ $K,$ $N$ $\{2^{j}|j\in \mathbb{Z}\}$
3 :
41
(1) $J\sim K>N\sim$ , $||\Psi||_{L_{x}}\infty$ ,
(2) $I>\sim J,$ $K,$ $N$ , $||\Psi_{I}||_{L^{n/(\beta+\gamma)_{x}}}$ ,
(3) $I,$ $J\leq N\sim K$ , $w_{K}$ Fourier support $\sim I+J$
, $||\Psi_{I}||_{L_{x}^{n/\beta}}$
, ( $\beta\geq 0$ )
$|| \int\Psi_{I}v_{J}\overline{w_{K}}e^{-ix\xi}dx||_{L^{2}(|\xi|\sim N)}^{2}\sim<\sum_{\kappa}||\int\Psi_{I}v_{J}\overline{w_{K}^{\kappa}}e^{-ix\xi}dx||_{L^{2}(|\xi|\sim N)}^{2}$
$\leq\sum_{\kappa}|\tilde{\kappa}|||w_{K}^{\kappa}||_{L^{2}}^{2}||\int|\Psi_{I}v_{J}|^{2}dx||_{L^{\infty}(\xi\in\overline{\kappa})}$
$\sim<(I+J)^{n}||w_{K}||_{L^{2}}^{2}||\Psi_{I}||_{L_{|\xi|\sim N}^{\infty}L_{x}^{n/\beta}}^{2}||v_{J}||_{H^{\beta}}^{2}$ ,
$\kappa$ $w_{K}$ Fourier support $\{|\xi|\sim K\}$ $I+J$
cube , $w_{K}^{\kappa}$ Fourier , $\tilde{\kappa}$ cube $\kappa$
cube ( (2) )














(2) $\nu\leq 1/2.\cdot$ $\Delta$
,






, 2 $n\leq 2$ $s\geq \mathrm{I}$ ? , $w_{2}$
$w_{3}$ regularity ? ,
? ( ) ,
$\nu$ ? ,
? , Schr\"odinger
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